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Outline

1. Level set computation

2. Aspect normalization

3. Initial correspondence via level set feature vectors

4. Mismatch Problem

5. RANSAC (Random Sample Consensus) with False
Alarm Rate

6. Predicting RANSAC Performance
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Motivating Problem

An instance of the Wide Baseline Correspondence (WBC)
problem with occlusions
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Motivating Problem

1. Two images g and g0

2. Problem 1: �nd corresponding level sets in g and g0

3. Problem 2: compute the transform T : g ! g0

4. Af�ne transform T = ( M; v) maps pixels to pixels:

M 2 R2£ 2 af�ne matrix
v 2 R2
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5. Wide baseline between images requires robust
matching procedures because of large perspective
changes
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Past work: Tie Point Detection

Based on the spectral properties normal matrix:

A(x) def=
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(subscripts indicate differentiation and superscripts
refer to the point location in the window W about x)

Works well for rotation and translation

Scaling and general af�ne transformations are a
problem
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From Point Features to Iso-intensity Level Set Curves

Wide Baseline Matching using level set curves.

How do we �nd corresponding level set curves?
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What Are the Iso-intensity Level Set Curves?

For a grayscale image g and ¸ 2 R de�ne:

­( ¸ ) def= f x 2 R2 : g(x) ¸ ¸ g

The level set curves associated to ­( ¸ ) are the boundary
curves ¡ i (¸ ) of the connected components of ­( ¸ ).
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Level Set Advantages

Eliminates the window problem associated with point
detectors

Easily extended to pixel dimension ¸ 2.

Level sets have a clean mathematical characterization
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Level Set Disadvantages

Computationally expensive

Too many curves: only a few are needed

Image quantization effects. Curves can:
Disappear
Merge
Split
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What Has Been Done Using Level Set

Image Decomposition

Image Compression

2D Image Registration
Meaningfulness of level curves
Bitangent based descriptors
Curve correspondence
Transformation parameter estimation
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Matching Procedure Overview

Curve extraction

Pre-�ltering to reduce the number of curves

Curve description

Level set matching:
Initial matching
Robust matching
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Curve pre-�ltering

Motivation:
Too many level curves (e.g. for a 800£ 600about 30000
curves)

Filtering strategies:
Arc length
Area
Boundary �ow
Roundness
Fractal dimension
Helmholtz principle

The method must be fast
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Preliminary Matching - Curve Based

Curve descriptor: af�ne invariance via moments
(sensitive to noise) or bitangents (don't apply to convex
shapes)

Shape descriptors: only rotation invariance is needed.

Curvature Scale Space (CSS)
Shape matrices
Rotation moment invariants
PDE-based

Matching curves by minimizing descriptor distance can
produce mismatches: RANSAC culls the mismatches
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PDE-based descriptors - I

Consider the Helmholtz equation associated to the
curve ¡ i (¸ ):

(
4 u + ¹ 2u = 0
u(x) = 0 for x 2 ¡ i (¸ )

The solution are the pairs (¹ k ; uk) where ¹ 1 · ¹ 2 · : : :
for k = 1; 2; : : :

Two key observations:
n

¹ k
¹ 1

o

k> 1
are rotation and scale invariant

f ukgk¸ 1 form a complete basis
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PDE-based descriptors - II

Let Âi (¸ ) be the characteristic function associated to the
i th connected component of ­( ¸ ).

Fourier coef�cients:

ak = huk jÂi (¸ )i

Avoid the problem of iso-spectral shapes

The descriptor we use is:

f (¡ i (¸ )) =
h

¹ 2
¹ 1

: : : ¹ N ¹

¹ 1
a1 : : : aNa

i T
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Preliminary Matching - Curve Based Examples
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Level Set Matching

1. Compute initial level set correspondence

2. Compute T from the correspondence

3. Problem: mismatched level sets (say > 70 percent)

4. Find a mismatch-free subset of the level sets

5. RANSAC does this at a speci�ed false alarm rate (FAR)

6. To discuss RANSAC we need to look at how T is
calculated for a mismatch-free group of level sets
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T for the Mismatch-Free Case

1. Suppose level set L corresponds to L0

2. Not enough to determine T because we don't know the
point-to-point match

3. Standard solution: extract matching points from L and
L0 in order to compute T

4. To determine T we need nsubset points:
(a) nsubset = 2 for RST
(b) nsubset = 3 for Af�ne
(c) nsubset = 4 for Homography
(d) nsubset = 7 for Fundamental matrix
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Centroids and Areas for Af�ne Maps

1. Centroids xc; x0
c and areas a(L); a(L0)

2. Centroids and areas are insensitive to perturbations in
the level set

3. For af�ne maps T = ( M; v):

x0
c = M xc + v centroids map to centroids

a(L0) = j detM j a(L) uniform area scaling

4. Area scaling used to detect mismatches
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T with Mismatches Present

1. Centroids S = f xcg and S0= f x0
cg with some

mismatches

2. kcor ´ number of correct matches (unknown at this
time)

3. Computing T using all points in S; S0gives garbage

4. Computing T using nsubset points (a minimal subset)
from S; S0may still give garbage

5. We need to determine if a computed T is good (no
mismatches in computation subset)
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Is T Good?

1. Centroids S = f xcg and S0= f x0
cg

2. Test 1 for T : does it map S to S0?

3. Test 2 for T : does it respect area scaling
a(L0) = j det(M )j a(L)?

4. Caution: for a good T these tests only hold on correct
matches in S; S0
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Number of Matches for a GivenT

1. kcor = the number of correct matches in S; S0

2. Match error at centroid xc includes pixel offset and a
percentage area scaling error:

Error (xc) = jT(xc) ¡ x0
cj + 100

¯
¯
¯
¯
a(L0) ¡ j det(M )ja(L)
a(L0) + j det(M )ja(L)

¯
¯
¯
¯

3. For a given T count the hits:
k(T) = the number of matches between T(S) and S0
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Evaluating T

1. If Error (xc) · tol then we say we have a good match
(usually take tol = 5 or so; not parameter sensitive)

2. k(T) · kcor. If k(T) = kcor we are done (Its Miller Time)

3. Problem: we don't know what kcor is!

4. Brute force solution: evaluate k(T) for each subset of 3
points from S; S0and take the maximum

5. Ouch: too costly. RANSAC reduces the search time.

6. Number of searches needed to �nd a good T can be
measured by 1) expected search time or 2) via a
speci�ed false alarm rate
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Search Time Expectation

1. Repeated independent trials each with probability of
success p

2. Y = number of the trial on which we get �rst success

3. Y is a geometric random variable

4. E(Y) = 1 =p= nsearch (expected number of searches
needed for success)

5. p = k(k¡ 1)(k¡ 2)
N (N ¡ 1)(N ¡ 2) where k = kcor N = jSj

6. Example: if 1/3 of the initial matches are correct then

p ¼ (1=3)3 and E = 1=p¼ 27

This is very managable computationally
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Limits on RANSAC Performance

Transform nsubset Ransac Ransac Ransac

Type Good Borderline Bad

nsearch · 102 nsearch = 103 nsearch ¸ 104

RST 2 1 in 10 1 in 32 1 in 100
Af�ne 3 1 in 5 1 in 10 1 in 22

Homography 4 1 in 3 1 in 6 1 in 10
Fundamental 7 1 in 2 1 in 3 1 in 4

Matrix

Ransac performance (measured by nsearch) requires that 1

in n
1

n subset
search of the initial matches must be correct.
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False Alarm Rate Search Time

1. For n searches Prob(failure ) = (1 ¡ p)n

2. Set an acceptable probability for failure:

FAR(p; ²) : P rob(failure ) < = ²

3. Usually take ² = 10¡ 3or10¡ 4

4. FAR(p; ²) is achieved by setting the number of searches
to nsearch = log ²= log(1¡ p)

5. Example: if 1/3 of the initial matches are correct then
p ¼ (1=3)3 and if we take ² = 10¡ 3 then
FAR(p; ²) = log ²= log(1¡ p) ¼ 183

6. Although not as fast as an expectation search the
increased security of FAR is still very manageable
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Search Times for Af�ne Maps

1. Chance of success on any one try (that is the chance
that any group of 3 points in S will lead to a good T)

p =
k(k ¡ 1)(k ¡ 2)

N (N ¡ 1)(N ¡ 2)
¼

µ
k
N

¶ 3

where k = kcor N = jSj

2. Expected number of searches to get �rst success
E(p) = 1 =p

3. Number of searches needed for
FAR(p; ²) = log ²= log(1¡ p)

4. Both require knowing k = kcor

5. RANSAC uses upper bounds on kcor to control the
number of searches
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What Makes RANSAC Work

1. k(T) is the number of matches for T

2. Let kcur be the current max of k(T) during the search.

3. kcur · kcor so

pcur ´ kcur (kcur ¡ 1)(kcur ¡ 2)=N(N ¡ 1)(N ¡ 2)

· kcor(kcor ¡ 1)(kcor ¡ 2)=N(N ¡ 1)(N ¡ 2)
= p

4. E(p) = 1 =p· E(pcur ) = 1 =pcur

5. FAR(p; ²) · FAR(pcur ; ²)
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The RANSAC Scheme

1. Begin searching through triples of points in S

2. Keep track of the number of searches nsearch and the
best number matches kcur

3. Compute E(pcur ) and/or FAR(pcur ; ²)

4. Expectation stopping criterion: stop searching when
E(pcur ) · nsearch. This works because E(p) · E(pcur )

5. FAR: stop searching when FAR(pcur ; ²) · nsearch. This
works because FAR(p; ²) · FAR(pcur ; ²)
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RANSAC Example: LA Street Video

Search kcor kcur E(p) E (pcur ) FAR(p; ²) FAR(pcur ; ²)
Number

2 63 5 6 13145 42 90794
3 63 24 6 119 42 818
6 63 28 6 75 42 514

28 63 63 6 6 42 42

FAR ² = 0:001 N = 118 initial matches with 63 correct
(kcor = 63 )
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Future Work - Preliminary Matching Using Tree of Curves

The notion of inclusion allows us to build the tree of
curves

Non-exact subtree matching could avoid shape
ambiguities.

Not an easy problem.
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Conclusion I

1. Initial match between level set curves for two images:
Pre�lter curves to reduce the number of candidate
matches
Compute curve feature vectors and match by
minimum distance between vectors

2. Successful initial matching requires feature vectors
robust in the face of large perspective changes

3. Aspect normalization: from af�ne invariant descriptors
to rotationally invariant descriptors (less sensitive)
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Conclusion II

1. Cull mismatches using RANSAC

2. For af�ne maps measure match by:
pixel offset error (centroid to centroid)
area-scaling error a(L0) ¡ j det(M )j a(L)

3. RANSAC performance can be predicted by the number
of correct matches in the initial pairing
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The Shape of a Manifold - I (Ã -)

Consider a Jordan manifold ¡ ½ Rn of dimension n ¡ 1:
what is its shape?

The shape of ¡ is de�ned as:

S(¡) def=
n

s 2 Rn : s = §(­) ¡ 1
2 [x ¡ m(­)] for x 2 ¡

o

where:

V(­) is the volume of ­ : V(­) def=
R

­ dxn

m(­) is the centroid of ­ : m(­) def= 1
V (­)

R
­ x dxn

§(­) is the covariance of ­ :

§(­) def= 1
V (­)

R
­ [x ¡ m(­)] [ x ¡ m(­)] T dxn
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The Shape of a Manifold - II (Ã -)

Af�ne-transformed curves have geometrically
congruent shapes

Theorem: Let ¡ 1 and ¡ 2 be two compact n ¡ 1
dimensional manifolds related by an af�ne
transformation:

¡ 2 = f x2 2 Rn : 9x1 2 ¡ 1 such that x2 = M x1 + vg

where M 2 Rn£ n is a non-singular matrix and v 2 Rn .
Then the shapes of ¡ 1 and ¡ 2 are geometrically
congruent via a n-dimensional rotation.
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