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Overview

Motivation: establishing point correspondences is a
crucial step for image registration.

Why? Typical registration scheme:
Feature Detection
Feature Matching
Transform Model Estimation
Image Resampling and Transformation

We will focus on the �rst two issues.

B. Zitova and J. Flusser, “Image registration methods: a survey,” Image and Vision
Computing, 2003
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In this talk . . .

Three important detectors will be shown to be
equivalent modulo the choice of a suitable matrix norm.

A unifying framework using condition theory will be
proposed.

A reasonable constraint for corner detectors will be
introduced (nondecreasing constraint).
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Condition Theory for Point Matching

Two images I and I 0 related by the transformation T µ
about q0.

Noise free case: I 0(q0) = I (T µ(q0))

Noisy case: Î (q0) = I (T µ(q0)) + ´ (q0)

De�ne the cost function:

JT µ (q0) def=
1
2

Z

R2
w¾(q0¡ x0)

h
I (T µ(x0)) ¡ Î (x0)

i 2
dx0

Goal: Estimate the vector µ that minimizes JT µ (q; µ).

C.S. Kenney, B.S. Manjunath, M. Zuliani, G.A. Hewer and A. Van Nevel, “A condition number
for point matching with application to registration and postregistration error estimation,”
PAMI, 2004
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Condition Theory for Point Matching

What is the effect of noise?

µ¤ = argmin
µ

JT µ (q; µ)j´ =0 !

! µ¤ + ¢ µ¤ = argmin
µ

JT µ (q; µ)j´ 6=0

Transformation condition number (TCN) at point q0with
respect to the transformation T µ:

K T µ (q0) def= lim
±! 0

sup
k´ k· ±

k¢ µ¤k
k´ k

The greater is K T µ the larger is the effect of the noise
on the minimizer of JT µ (q; µ).
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Condition Theory for Point Matching

Class condition number (CCN) at point q0with respect
to the class of transformations T :

K T (q0) def= max
T µ 2T

K T µ (q0)

Independent from the transformation parameters µ.

For TRT = Rotation and Translation:

K TRT (q0) ¸

°
°
°
°

³
AT A

´ ¡ 1
AT

°
°
°
°

¤

Choose those points in the image such that°
°
°
¡
AT A

¢¡ 1
AT

°
°
°

¤
is small!
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Condition Theory for Point Matching

. . . or equivalently 1
k(AT A) ¡ 1AT k

¤

¸ TK

What is A?

A =

2

6
4

Î x (q1) Î y(q1)
...

...
Î x (qN ) Î y(qN )

3

7
5
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Relating the Corner Detectors

Common corner detectors originate from the image
auto-correlation matrix ¹ (q; ¾I ; ¾D ; I ):

L(q; ¾D ; I ) = ( G¾D ¤ I ) (q)

¹ (q; ¾I ; ¾D ; I ) =
³

w¾I ¤ r x L(¢; ¾D ; I )r T
x L(¢; ¾D ; I )

´
(q)

If:

w¾I (q) =

(
1 if q 2 ­( ¾I );
0 otherwise:

then:
¹ (q; ¾I ; ¾D ; I ) ¼ AT A
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Relating the Corner Detectors
Corner detector M : a function of the image intensity in
the neighborhood of a given point.

Detection rule:

M (¸ (¹ (q; ¾I ; ¾D ; I ))) ¸ T

Let 0 · ¸ 1 · ¸ 2 be the eigenvalues of ¹ (q; ¾I ; ¾D ; I ).

A point q is a good corner if:

Harris-Stephens M H
def= det

¡
AT A

¢
¡ ®

¡
trace

¡
AT A

¢¢2

Noble M N
def= ¸ 1¸ 2

¸ 1+ ¸ 2+ " ¸ TN

Shi-Tomasi M S
def= ¸ 1 ¸ TS

Kenney et al. M K; ¤
def= 1

k(AT A) ¡ 1AT k
¤

¸ TK
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Relating the Corner Detectors

Fact:

1°
°
° (AT A)¡ 1 AT

°
°
°

1¡ Schatten

=
¸ 1¸ 2

¸ 1 + ¸ 2 + "

1°
°
° (AT A)¡ 1 AT

°
°
°

1¡ Schatten

= ¸ 1

Consequence:

Noble, Shi-Tomasi et al. and Kenney et al. corner
detectors are equivalent modulo the choice of a suitable
matrix norm.
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Relating the Corner Detectors
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The Nondecreasing Constraint

Fact:

Strength of a corner / magnitude of the eigenvalues of
¹ (q; ¾I ; ¾D ; I ) ¼ AT A.

Consequence:

M should be nondecreasing in ¸ 1, ¸ 2.

Noble, Shi-Tomasi et al. and Kenney et al. corner
detectors are nondecreasing functions of ¸ 1 and ¸ 2:

M (¸ 1; ¸ 2) ¸ M (¸ 0
1; ¸ 0

2) if ¸ 1 ¸ ¸ 0
1; ¸ 2 ¸ ¸ 0

2

The Harris-Stephens detector satis�es the
nondecreasing constraint , ® · 1

4.
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Conclusions

Three important detectors have been show to be
equivalent modulo the choice of a suitable matrix norm.

A unifying framework using condition theory has been
proposed.

A reasonable constraint has been introduced
(nondecreasing constraint).
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Extensions and Work in Progress

Extension to pixel dimensions n ¸ 2 and intensity
dimension m ¸ 1.

The image auto-correlation matrix becomes:

AT A =
NX

j =1

mX

i =1

(rI i (qj ))T I i (qj )

AT A = sum over the window of the outer products of the
gradient vectors of each intensity channel.
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Extensions and Work in Progress

Generalized Harris-Stephens corner detector:

M H
def
= det( A T A) ¡ ®

³
trace(A T A)

´ n
=

nY

i =1

¸ i ¡ ®

Ã
nX

i =1

¸ i

! n

Generalized Noble corner detector:

M N
def
=

1

trace
³

(A T A) ¡ 1
´

+ "
=

1

" +
P n

i =1
1

¸ i

Generalized Shi-Tomasi corner detector:

M S
def= ¸ min (A T A)

Generalized Kenney et al. corner detector for the Schatten p-norm:

M K;p =
1

°
°
° (A T A) ¡ 1

°
°
°

p

=
1

³ P n
i =1

1
¸ i

p

´ ¡ 1
p
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Extensions and Work in Progress

Axioms for corner detectors:
Pixel space projection
Rotation invariance
Intensity space projection
Matrix ordering relation
Isotropy conditions

Consequences for axiom-compliant detectors:
Dependence only on the eigenvalues. ¸ 1; : : : ; ¸ n of
AT A
The nondecreasing constraint follows from the
axioms.
Shi-Tomasi and Kenney et al. are the only detectors
compliant with all the axioms.
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The End

Thanks.
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Pixel Space Projection

Projection of the pixel space on a lower dimensional
subspace.
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Axioms

Let ¸ 1; : : : ; ¸ n be the eigenvalues of AT A at q. A set of points Q in
the image I has constant eigen-energy with respect to the q-norm if
¸ q

1 + ¢ ¢ ¢+ ¸ q
n is constant over q 2 Q .

Corner Detector Axioms:

Let P 2 Rn £ dP with dP · n be a matrix with orthonormal
columns. Then M (AT A) · M (PT AT AP ) and equality is
achieved if and only if x is a point of isotropy (isotropy condition)
or dP = n (rotation invariance condition).

Let ¹Q 2 RNm £ Nd Q with dQ · m be a matrix with orthonormal
columns. Then M (AT A) ¸ M (AT ¹Q ¹QT A).

If AT
1 A1 · AT

2 A2 then M (AT
1 A1) · M (AT

2 A2).

The corner detector over a set of constant eigen-energy points
attains its maximum value at a point of isotropy.
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Matrix norms
Vector p-norm:

kxkp
def=

Ã
X

i

xp
i

! 1
p

Induced matrix p-norm:

kAkp
def= sup

x6=0

kAxkp

kxkp

Schatten matrix p-norm:

kAkS;p
def=

Ã
X

i

¾i (A)p

! 1
p

where ¾i (A) is the i th singular value of the matrix A.
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